This paper is devoted to studying the growth of meromorphic solutions of some linear difference equations. We obtain some results on the growth of meromorphic solutions when most coefficients in such equations have the same order, which are supplements of previous results due to Chiang and Feng, and Laine and Yang. Some examples are given to show the sharpness of our results.
Introduction and main results
In this paper, the term meromorphic function will mean meromorphic in the whole complex plane C. It is assumed that the reader is familiar with the standard notations and basic results of Nevanlinna theory (see, e.g., [-] ). In addition, we use σ (f ) and σ  (f ) to denote the order and the hyper-order of a meromorphic function f (z), and λ(f ) and λ(/f ) to denote the exponents of convergence of zeros and poles of f (z), respectively. For a meromorphic function f (z), when  < σ (f ) < ∞ or  < σ  (f ) < ∞, its type τ (f ) and hyper-type 
Then every finite order meromorphic solution f
For the case when there is more than one of coefficients which have the maximal order, Laine and Yang [] obtained the following result.
Theorem D []
Let a  (z), . . . , a k (z) be entire functions of finite order such that among those having the maximal order σ = max ≤j≤k {σ (a j )}, exactly one has its type strictly greater than the others. Then for every meromorphic solution f ( ≡ ) of Eq. (.), we have σ (f ) ≥ σ + .
Note that in Theorem D, the condition that exactly one coefficient has the maximal type among those coefficients having the maximal order, guarantees that every meromorphic solution f ( ≡ ) of Eq. (.) satisfies σ (f ) ≥ max ≤j≤k {σ (a j )} + . The following example shows that when there exists more than one coefficient having the maximal type among those coefficients having the maximal order, σ (f ) ≥ max ≤j≤k {σ (a j )} +  may hold.
Example . The difference equation
Thus we pose the following questions. The main purpose of this paper is to investigate the above questions for Eq. (.). The remainder of the paper investigates the properties of meromorphic solutions of a nonhomogeneous linear difference equation corresponding to (.). 
Remark . Note that σ may be zero in Theorem .. Example . The difference equation
When there exists more than one coefficient having the order ∞ in Eq. (.), we obtain the following result. Note that in this case Theorem D is invalid.
Next we consider the properties of meromorphic solutions of the non-homogeneous linear difference equation corresponding to (.)
where F(z) ( ≡ ) is an entire function. 
Theorem . Let a j (z) (j = , . . . , k) satisfy the hypothesis of Theorem ., and let F(z) be an entire function. Then
Lemmas
Lemma . [] Let η  , η  be two arbitrary complex numbers, and let f (z) be a meromorphic function of finite order σ . Let ε >  be given, then there exists a subset E ⊂ (, +∞) with finite logarithmic measure such that for all |z| = r / ∈ E ∪ [, ], we have 
where E  = {θ ∈ [, π) : δ(P, θ ) = } is a finite set. 
for all r outside of a possible exceptional set E with finite logarithmic measure E dr r < ∞.
Remark . By []
, we know that
where h ∈ C. So, by (.) and (.), we immediately have
for all r outside of a possible exceptional set E with finite logarithmic measure E dr r < ∞. Proof By the Weierstrass factorization, we obtain
where B j (z), B j (z) are entire functions of order less than n.
, then σ (Q) < n and by (.), we get
where
. By Lemma ., for any given ε ( < ε < n -max ≤j≤k σ j ), there is a set E ⊂ [, +∞) having finite linear measure such that for all z satisfying |z| = r / ∈ [, ] ∪ E and r sufficiently large, we have
Without loss of generality, suppose that |α ln | ≥ max{|α jn | :  ≤ j ≤ k, j = l}. Let θ  satisfy cos(ϕ l + nθ  ) = . Then by (.) and (.), for z = re iθ  satisfying |z| = r / ∈ [, ] ∪ E and r sufficiently large, we have
We discuss the following two cases.
[, ] ∪ E and r sufficiently large, we have
Hence by (.), we also obtain (.). http://www.advancesindifferenceequations.com/content/2013/1/133
By (.), we get σ (H) ≥ n. On the other hand, by the elementary order considerations, we have σ (H) ≤ n. So, σ (H) = n. Then by G(z) = H(z)/Q(z) and σ (Q) < n, we get σ (G) = n.
Proofs of the results
Proof of Theorem . Let f ( ≡ ) be a meromorphic solution of (.). Suppose that σ (f ) < n + , then by Lemma ., for any given ε > , there exists a set E ⊂ (, +∞) with finite logarithmic measure such that for all |z| = r / ∈ E ∪ [, ], we have 
and r sufficiently large, we have
, then E  is a set of linear measure zero. Since α jn are distinct complex numbers, there exists only one l ∈ {, . . . , k} such that δ(P l , θ ) = max{δ(P j , θ ) : j = , . . . , k} for any θ ∈ [, π) \ (E  ∪ E  ). Now we take a ray
Case . δ  > . We rewrite (.) in the form
By (.), (.) and (.), we get for z = re iθ  and sufficiently large r / ∈ E ∪ [, ],
This is impossible. http://www.advancesindifferenceequations.com/content/2013/1/133
Case . δ  < . By (.), (.) and (.), we get for z = re iθ  and sufficiently large r / ∈
This is a contradiction. Hence we get σ (f ) ≥ n +  = max ≤j≤k {σ (a j )} + .
Proof of Theorem . By Lemmas . and ., we know that for any given ε > , there is a set E ⊂ [, +∞) having finite linear measure such that for all z satisfying |z| = r / ∈ [, ] ∪ E and r sufficiently large, we have
Then using the similar argument to that of Theorem . and only replacing (.) (or (.)) by (.) (or (.)), we can prove Theorem ..
Proof of Theorem . Let f ( ≡ ) be a meromorphic solution of (.). Suppose that σ (f ) < σ + , then by Lemma ., for any given ε ( < ε < σ +  -σ (f ) -δ), there exists a set E ⊂ (, +∞) with finite logarithmic measure such that for all |z| = r / ∈ E ∪ [, ], we have Proof of Theorem . Let f ( ≡ ) be a meromorphic solution of (.). By (.) we get
By Lemma . and (.), we get
for r → ∞, r / ∈ E, where E is a set of finite logarithmic measure.
Let β  , β  be two real numbers such that max{τ  (a j ) :
. Then by Lemma ., we know that there exists a set H of infinite logarithmic measure such that
holds for all r ∈ H. Therefore we can take a sequence {r n } such that r n ∈ H \ E, r n → ∞ and
holds for sufficiently large r n .
On the other hand, if σ  (a j ) < σ  (a l ), then for any given ε >  and sufficiently large r n , we have
, then for sufficiently large r n , we have
Then substituting (.), (.) (or (.)) into (.), we get
Hence by (.), for sufficiently large r n , we have
Then by (.), we get σ (f ) = ∞ and σ  (f ) ≥ σ  (a l ).
Proof of Theorem . Let f ( ≡ ) be a meromorphic solution of (.). Suppose that σ (f ) < max ≤j≤k {σ (a j )}, then by Lemma . we obtain σ (F) = σ ( k j= a j (z)f (z + j)) = n. This contradicts σ (F) < n. Therefore we have σ (f ) ≥ max ≤j≤k {σ (a j )}.
Suppose that there exist two distinct meromorphic solutions in the case a j = A j e P j . Since α jn are distinct complex numbers, by Lemma ., we obtain that the order of the left-hand side of (.) is n. This contradicts σ (F) < n. For a j = A j e P j + D j , by using a similar to the above argument, we also obtain a contradiction. It is obvious that max{λ(f  ), λ(/f  )} = σ (f  ) provided that max ≤j≤k {σ (a j )} < σ (f  ) < max ≤j≤k {σ (a j )} + . Therefore we have max{λ(f  ), λ(/f  )} = σ (f  ). 
